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It is well-known that the exchange algebra of the chiral WZNW model involves a
classical r-matrix [1, 2, 3]. This model possesses a Poisson-Lie symmetry which
is the classical counterpart of the quantum group symmetries [4, 5, 6, 7, 8]. In
this paper we shall consider the N = 2 supersymmetric extension of this model.
In contrast with the N = 1 supersymmetric extension of a non-linear -model,
the N = 2 extension requires some geometrical properties of the target manifold.
These conditions were found in [9] for target spaces without torsion, then in
[10, 11, 12, 13] for target spaces with torsion and specialized in [14, 15, 16] for
the case of parallelized group manifolds. In this last case, these conditions were
recently reformulated in terms of Manin triples [17, 18, 19]. In particular the
existence of a N = 2 WZNW model on G requires the existence of two Manin
triples induced by two r-matrices.
The geometrical properties of supersymmetric models are usually more trans-
parent when formulated in the appropriate superspace, where the invariance un-
der supersymmetry is explicit. Formulating the N = 2 WZNW model in super-
space [20] leads to constrain each supercurrent to belong to one of the isotropic
subalgebras present in the Manin triples. In this article, we focus on the study
in superspace of the chiral WZNW model. The phase space variables are con-
strained (2; 0) superelds taking value in the group G, together with the usual
monodromy. The Poisson bracket involves the r-matrix of the bosonic exchange
algebra, together with the r-matrix dening the Manin triple. Only this last
r-matrix is present in the Poisson brackets of the currents, which are shown to
coincide with the classical limit of [21]. Although this Poisson bracket is com-
patible with the constraints on the N=2 superelds, the Jacobi identity works
without any use of these constraints. It is thus possible to consider an enlarged
phase space made of general (2,0) superelds. We construct an energy-momentum
tensor which Poisson bracket form, both in the constrained and non-constrained
cases, a classical N = 2 super-Virasoro algebra. However, only in the constrained
case do the eld equations reduce to chirality conditions.
A consequence of the constraints is that the N = 2 WZNW model is not
invariant under the whole of N = 2 loop group transformations. We compute
a convenient form of the innitesimal loop transformations consistent with the
constraints. The Grassman coordinates of the superspace appear explicitly in
their expression, and thus they are not superelds [20]. The moment map corre-
sponding to these transformations is given.
In [20, 22] it was proposed to restore the commutation of these transforma-
tions by adding a compensating transformation of the r-matrix which appear
in the Manin triple. This procedure is reminiscent of the action of a Poisson-
Lie group (such groups are closely related to r-matrices) on a Poisson manifold.
Such an action is a symmetry only because the parameters of the transformation
carry their own Poisson bracket. This suggests that one could perhaps consider
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all N = 2 loop group transformations as symmetries if they act as Poisson-Lie
transformations. However, since these transformations do not preserve the con-
straints, we have to consider the unconstrained phase space. Indeed there is in
this phase space a Poisson-Lie action of N = 2 loop transformations. But since
we do not have a clear understanding of the eld equations there, this program
cannot be considered as completed.
This paper is organized as follows. In section 1 and 2 we review the WZNW
model as a non-linear -model, and its chiral counterpart. In section 3 we recall
the properties of the N = 1 extension of these models using N = 1 superspace
and superelds. In section 4 we recall how the existence of an N = 2 extension
is related to the existence of a Manin triple. Then in section 5 we formulate the
equations of the model in N = 2 superspace and compute the exchange algebra
of the chiral N = 2 WZNW model in section 6. The appendix contains the
denitions and some properties of the extended supersymmetric Dirac and sign
distributions.
1 The WZNW model
1.1 The WZNW model as a non-linear -model





























where g is a map from the cylinder M to a semi-simple Lie group manifold G
















where the index refers to the Lorentz weight carried by the coordinate. The









). When written in terms of local
coordinates '
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) are respectively the metric and the






































In the following we denote by  
k
ij



















. We may then dene
























), while the tangent space compo-
nents of the torsion are proportional to the structure constants of G.
1.2 Equations of motion and their solutions













) = 0: (1.6)























































) = : (1.8)




















2 The chiral WZNW model
We follow here the approach of [5, 4, 6].
2.1 Denition, phase space





and their monodromy . But these functions are not uniquely xed
































































In the following we shall consider the left- and right-movers separately and


































) = 0: (2.2)
If r
c
is a classical r-matrix on G, then a possible choice for the 2-form 


















































































































where C is the Casimir operator, jx   yj < 2 and "
0
is the sign distribution
dened in the appendix. P
R
equipped with this Poisson bracket is known as the
chiral WZNW model [2, 3, 1, 24, 8].
It is useful to recall how the Jacobi identity is satised by the bracket (2.3),
























(z) + c:p: (2.6)





























The terms linear in r
c
automatically vanish, whereas the terms quadratic in r
c























]. Finally one obtains
A
123






















] = 0 (2.8)




2.2 Symmetries of the chiral WZNW model
The chiral WZNW model possesses a rich symmetry structure.
The conformal symmetry is parametrized by monotonous maps f : R ! R






Æ f . It is generated at the innitesimal
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. The Hamiltonian of the chiral
WZNW model is given by H =
R












The model is also invariant under a loop group symmetry. The innitesimal






), where ! is a 2-periodic
function taking its values in the Lie algebra of G. It is generated by the currents
j
R
. Finally, there is also a Poisson-Lie symmetry. It is given by the left action of
the Poisson-Lie group G
PL





























The Hamiltonian is invariant under this action, and the Poisson brackets (2.3)























. The Poisson brackets of 
+
R
with the phase space variables
g
R































































3 The N = 1 WZNW model
The goal of this section is to review the construction and the properties of the
N = 1 WZNW model: within the framework of N = 1 superelds and super-
space, one can construct an explicitly supersymmetric invariant action. Then one
immediately nds that the properties of the N = 1 model are similar to the ones
of the bosonic model.
3.1 N = 1 superspace


























g = 0: (3.1)
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The spinor covariant derivatives D
1
+; 
























) have as lowest component the ordinary eld

i
(x; 0; 0) = '
i





















The manifestly N = 1 invariant action which may be seen as a supersymmetriza-
tion of (1.3) is obtained by replacing the integration on M by an integration on
the superspace M, the elds '
i
by the superelds 
i
and the vector derivatives





























In the case of the WZNW nodel, this may be written in terms of the group valued

















































Notice that the supereld g still belongs to the group G. We will not consider


















) = 0: (3.7)




















) of constant and equal monodromies (and















g have the following Poisson























































(y)g = 0 (3.10)
which means that the phase space of the N = 1 WZNW model contains two
commuting copies of an N = 1 Kac-Moody algebra.
6
3.2 The N = 1 chiral WZNW model and its symmetries


























































































where jx  yj < 2 and "
1
is the (1; 0) sign distribution dened in the appendix.
Again the N = 1 chiral WZNW model possesses a rich symmetry structure which










. The corresponding moment map is given by the




















T . The N = 1 loop group symmetry corre-
sponds to right translations generated by the current j
R
. Finally, the Poisson-Lie
symmetry corresponding to the action of G
PL
is the same as in the bosonic case.
It is still generated by the monodromy.
In conclusion for any group G we can always construct an N = 1 extension
of the bosonic WZNW model. We are now in position to consider the N = 2
extension.
4 The N = 2 WZNW model
4.1 Conditions on the geometry
We now want to make the action (3.5) invariant under two additional supersym-
metries forming with the previous ones an N = 2 supersymmetry algebra with























g = 0: (4.1)
In contrast to the N = 1 case, the existence of an extended supersymmetry
requires some conditions on the geometry of the target manifold. These conditions
have been studied in [9] for a target space without torsion and in [10, 11, 12, 13]
for a target space with torsion. The particular case of a group manifold was
studied in [14, 15, 16]. Let us recall how these conditions come out. The most




























































































. Next, requiring the supersymmetry algebra































R) = 0: (4.6)
If we further require the supersymmetry algebra to close without any use of the







4.2 The Nijenhuis tensor and the modied Yang-Baxter
equation
The conditions just written and their solutions were studied in great detail, in the
case of a supersymmetry algebra with SO(2) automorphism group, in [14, 15, 16],
which we now follow. The rst step is to use the covariant constancy ofR together

































There is an identical equation involving
~
R. It is easier to carry out the discussion



























where we have used the notations of section 1.1.
































































any M and N in G we have
trr(M)N =  trMr(N); @
i
r = 0; r
2
(M) =M; (4.12)
[r(M); r(N)]   r [M; r(N)]   r [r(M); N ] =   [M;N ] : (4.13)
There are identical equations for ~r. The last condition is the modied Yang-
Baxter equation. The matrix r is thus a classical antisymmetric r-matrix, with
the extra requirement that the square of r is the identity. Finally if we require that







= 0;8g 2 G: (4.14)
Since the square of r is the identity, its eigenvalues are 1, and we denote by
G





are isotropic subalgebras of the Lie algebra G. A subalgebra is isotropic if the





is called a Manin triple. This interpretation of the constraints associated with
N = 2 supersymmetry was given and used by Parkhomenko [17] and further by
Getzler [18].
When G is a complex reductive Lie algebra, the results obtained in [14] may
be applied to the construction of triples. The only condition for the existence of
solutions is that the Lie algebra G should be even dimensional. The construction























any triple may be obtained in this way. The r-matrix associated to a given triple
generically do not act on the real forms of the complex Lie algebra G. However, if
one may nd a basis of G
+
and a basis of G
 
such that all structure constants are
real, then the real linear combinations of these basis elements form a real algebra
on which r acts. In other words, this real form does admit a Manin triple. This
possibility will be realized on non-simple real algebras which are sum of two (not
necessarily simple) algebras of equal ranks. Finally, it was proved in [27] that the
only complex Lie groups admitting two solutions of the system (4.12,4.13) and






. Only for these groups, or for
real forms of this group, does the supersymmetry algebra close without the use
of the equations of motion. Since it is so restrictive, we shall not require in the
following constraint (4.14) to hold.
5 The N = 2 WZNW in (2; 2) superspace
The goal of the next sections is to exhibit the properties of the N = 2 WZNW
model such as equations of motion, constraints, symmetries, Poisson brackets.
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This work will be carried out in the (2; 2) superspace in order to make explicit
the N = 2 invariance of the model.
5.1 Equations and constraints
We have to write all the equations dening the model in terms of (2; 2) superelds.














































The (1; 1) and (2; 2) superelds will be respectively denoted by lowercase and














): In the (1; 1) superspace








) = 0. This requires the (2,2) supereld









) = 0; (5.2)
such that we recover the previous equation of motion when 

2
= 0. In super-









= 0, the transformation of its N = 1 component 
i
, for which we already have
an expression in equation (4.2) . The equality of these two expressions leads to
constraints on the N = 2 superelds. More precisely, if we consider for the time












































































































































which we have to extend to the whole superspace for consistency with N = 2
supersymmetry. Using equation (4.9) , we then nd that the group valued























together with the equation of motion (5.2). In fact, taking into account the

















G) = 0; i; j = 1; 2: (5.9)
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5.2 Constraints and dynamics
The next step for the construction of a theory explicitly invariant under N = 2
supersymmetrywould be the construction of an action involving (2; 2) superelds,
as it was done in the N = 1 case. This is a diÆcult task since, as we will now
show, the constraints (5.7) and (5.8) imply the equation of motion (5.9). Let us





























































































































G)) = 0: (5.15)
Thus, the condition for the constraints (5.8,5.7) not to imply the equation
of motion is the same as the condition (4.14) found in N = 1 superspace for
the extended supersymmetry algebra to close without the use of the equations of
motion. It is only in this case that an explicitly supersymmetric action is known.
Such an action was constructed for the case of SU(2) 
 U(1) in [28, 27]. In all
other cases, the constraints imply at least part of the equations of motion, and
no explicitly invariant action is known. In the next section we shall study the
properties of the model using the constraints and the equation of motion.
5.3 Chiral derivatives
From now on we shall make the simplifying choice r  ~r  r
m











































































































From this denition (5.17) of the chiral supercurrents and from the properties



















































are algebras ensures the consistency of these two
























5.4 Solutions of the equations of motion
As in the bosonic and N = 1 cases, the general solution of the equation of motion





































































) = 0: (5.23)
It is natural in order to solve the constraints (5.22) on G
R

















the second one is much more complicated to solve. Therefore, it may be inter-
esting to decompose also G
R


































































5.5 Loop group transformations
We now wish to study the symmetries of the model, starting with the loop group
symmetry already present in the N = 1 case. It will be instructive to come back
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to the N = 1 superspace, and consider an innitesimal global right translation,
Æ

















































Therefore, in general, the N = 1 loop group symmetry does not commute with
the second supersymmetry. The only case where the commutator vanishes is if
 belongs to the Cartan subalgebra entering into the construction of the matrix
r
m
in section 4. A consequence is that in the N = 2 superspace, the parameter
of the loop group symmetry, as we shall now see, is not an N = 2 supereld.
More precisely, the generalization of the N = 1 loop group symmetry in the




. Such a transformation is a symmetry if it leaves

































 = 0. A convenient parametrization for the solutions
of these equations is



















































































It is clear from eq.(5.29) that the loop group parameters are not superelds
except, as we have already seen, when ! belongs to the Cartan subalgebra H, in
which case 
 = !. We shall nd in the next section the currents generating these
transformations.
6 The N = 2 chiral WZNW model
We now study the Poisson brackets of the chiral N = 2 WZNW model in su-
perspace, which is the main result of this article. From it we shall recover the
classical limit of the operator products expansions of the currents found in [21].
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6.1 Poisson brackets of the group elements

















DG) = 0; (6.1)
and with constant monodromy . The expression of the Poisson brackets may be
found by expanding G in components:
G(x; 
1;2











belongs to the phase space of a chiral N = 1 WZNW






















so that the (2; 2) supereld G only depends on the (1; 1) supereld g:





We can then compute the Poisson bracket of G from the Poisson brackets of g and
j. This is a long computation because we wish to express the result in terms of
G alone. For this we need to use the modied Yang-Baxter equation for r
m
. We
also compute the Poisson bracket of G with its monodromy, which is immediate
























































































are dened in the appendix.
Let us comment on this Poisson bracket. First we may verify that in the N = 1
limit, we recover the Poisson bracket of g since the rst term in the right-hand
side of eq.(6.4) vanishes. Then we note that two dierent r-matrices appear. The
rst one r
c
is already present at the bosonic level, while the second one r
m
only
comes from the N = 2 constraints. As we shall see later, this last r-matrix is still
present in the Poisson brackets of the currents. Finally, notice that in eq.(6.4)
the group elements are on the left of r
m
and, as usual, on the right of r
c
. As
a consequence, this Poisson bracket is not invariant under arbitrary right or left
translations.
The verication of the Jacobi identity turns out not to require the use of the
constraints (5.8) on G, or the use of r
2
m





to be solutions of the modied Yang-Baxter equation. More




vanish. Then, the terms containing r
m






















In contrast to the bosonic and N = 1 cases, the sum of the terms containing r
c





















































Since C is the Casimir operator, the sum of the two terms in eq.(6.7) and eq.(6.9)
vanishes.
6.2 Poisson brackets of the currents
We can now compute the Poisson bracket of the currents. If A(X) is some Lie


































































































































































































































Notice that these Poisson brackets are by construction compatible with the non-
linear constraints (5.18). For what concerns the linear constraints (5.19), al-
though they are not needed to verify the Jacobi identity, they are also compatible
with the Poisson brackets. This means that the Poisson bracket of any function
of the phase space variables G with the constraints vanishes when the constraints
15






In order to recover the results of [21], we need to suppose that the currents
are constrained by (5.19), and also that r
2
m










































































































































































which correspond to the classical limit of the operator product expansions derived
in [21].
There exists another interesting way of writing the Poisson brackets of the




= 1. For any functional F of the currents we dene the functional

















) = 0 (6.20)
The integration is over the chiral superspace V
c
. With such a denition, the




is the same as that of the functional F .
















Similar denitions may be given for the functional derivative with respect to

J .





















































It is interesting to study the properties of the Poisson bracket in this formalism.













which follows easily from the denition eq.(6.20) of the functional derivative.
Then we use the antisymmetry of the r-matrix r
m







(A)B). The Jacobi identity follows from the modied Yang-Baxter equa-
tion of r
m























that can be proved for example on J
a
(X).
6.3 N = 2 superconformal generator
The innitesimal action of the N = 2 superconformal group on the phase space
variables G is






 = 0: (6.25)
This action preserves the constraints eq.(5.19). It is known to be generated






Here we shall show a little more, which is that T also denes an action of the
superconformal group in the extended phase space obtained by relaxing the con-
straints eq.(5.19). However, this action diers from eq.(6.25). We give below the




























































The rst term corresponds to the N = 2 superconformal transformation (6.25)






































































































































and therefore we nd the usual transformation of the superconformal tensor
Æ





DDT + @T: (6.34)
Taking as the Hamiltonian H 
R
dX T , the equation of motion in the con-
strained theory is @
  
G = 0.
6.4 Loop group and Poisson-Lie symmetries
We now show that the loop group transformations described in (5.29) are gener-










J ]. Let us concentrate on J , which
is a chiral supereld and veries J
( )















is a chiral supereld, D!
( )








































































which is identical to eq.(5.29). Let us check that this transformation is a sym-
metry of the N = 2 chiral WZNW model. We compute the variation of the




























































which is equivalent to the conservation of the charge Q[!
( )
].
Since G and its monodromy have the same Poisson brackets as in the bosonic
and N = 1 cases, the N = 2 chiral WZNWmodel admits a Poisson-Lie symmetry
corresponding to the left action of G
PL
. It is still generated by the monodromy.
If we now consider the model without the constraints eq.(5.19) on the currents,
there exists also a right action G(X) ! G(X)h(X) of the innite Poisson-Lie
















This is just the Sklyanin bracket induced by r
m
, extended to N = 2 superelds.
Conclusion
This article was originally conceived as a small step towards a better understand-
ing of the geometry and symmetries of supersymmetric non-linear sigma models
with torsion, using the important example of the WZNW model. Although some
of the original goals such as an explicitly supersymmetric action principle have
not been fullled, we met with the interesting fact that a structure typical of
integrable systems, namely an r-matrix, appears in this model as a consequence
of a supersymmetry requirement. It seems reasonable to hope that some of the
techniques developped in the context of integrable models should prove useful
here as well. We intend to continue this study, in particular in the quantum case.
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Appendix
In this appendix we dene the generalizations of the Dirac and sign distributions





Dirac and sign distributions for the (i; 0) superspace. Let us recall rst that the
































). The (1; 0) sign distribution
"
1






































































































































. The (2; 0)
sign distribution is required to be invariant under supersymmetry, and to solve




























































































































) = 0: (A.11)
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